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Context
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Simulation depends on Volumetric Discretiztion

[© Tetrahedron VI] [© FlowVision]
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Hexahedral Mesh

+ block-structured

+ surface alignment

- no automatic algorithms


Research goal!

How to discretize volumetric domains?

Voxel Mesh

+ structured

- no surface alignment

+ trivial generation

Tetrahedral Mesh

- unstructured

+ surface alignment

+ robust algorithms


combine 

strengths
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Integer-Grid Maps

Approach
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Integer-Grid Maps

Idea: Interpret Mesh Generation as Map Optimization

Problem: Map Construction corresponds to hard Mixed-Integer Problem

Integer-grid map enables singularities 
through grid-preserving cuts
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Frame Fields
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Frame Fields
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Frame Fields
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Frame Fields

Idea: 

Relax Integrability Constraint

➡ Search Smooth Frame Field

➡ Generate IG-Map with fixed Topology
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State of the Art

Quad Meshing with 

Integer-Grid Maps (IGMs)
joint work with Prof. Leif Kobbelt 


Visual Computing Institute - RWTH Aachen
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Results — one-click solutionPractical Quad Meshing with IGMs 

1. Specify guidance & constraints

• alignment to boundaries/features/curvatures

• element sizing & anisotropy

• singularities 


[Jiang et al. 2015]
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Results — one-click solutionPractical Quad Meshing with IGMs 

[Jiang et al. 2015]

1. Specify guidance & constraints


2. Generate metric field

• decomposition into orthonormal-field +                                                    

metric simplifies optimization
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Results — one-click solutionPractical Quad Meshing with IGMs 

[Jiang et al. 2015]

1. Specify guidance & constraints


2. Generate metric field


3. Generate frame field

• many different algorithms (mixed-integer,                                             

polyvector fields, MBO, …)

• smoothness, fitting and integrability
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Results — one-click solutionPractical Quad Meshing with IGMs 

Motorcycle Graph [Campen et al. 2015]

1. Specify guidance & constraints


2. Generate metric field


3. Generate frame field


4. Generate Integer-Grid Map

• trace motorcycle graph

• quantize resulting T-Mesh

• optimize locally injective IGM subject to 

quantization constraints
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Results — one-click solutionPractical Quad Meshing with IGMs 

[Jiang et al. 2015]

1. Specify guidance & constraints


2. Generate metric field


3. Generate frame field


4. Generate Integer-Grid Map


5.Mesh extraction / higher-order fitting




Computer Graphics Group - University of Bern |  David Bommes

Technology Transfer based on

• [Bommes et al. 2009] – Mixed-Integer Quadrangulation

• [Bommes et al. 2013a] – Integer-Grid Maps for reliable Quad Meshing

• [Ebke et al. 2013] – QEX: Robust Quad Mesh Extraction

• [Campen et al. 2015] – Quantized Global Parametriztion


Example Model: 

• airplane bearing bracket (grabcad)

• #triangles = 215k

• genus = 19


Output:

• one-click solution

• globally optimized singularities

• runtime 80s  (#quads = 17k)


Results — one-click solutionSuccess Story of Integer-Grid Maps in Quad Meshing
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• asian dragon


• input: 

- #triangles 140k

- many geometric details


• output: 

- #singularities 624

- #quads 27k

- runtime 90s

Results — one-click solutionResults — one-click solution
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• vascular structure


• input: 

- #triangles 224k

- tubular network


• output: 

- #singularities 1851

- #quads 125k

- runtime 3.8min

Results — one-click solutionResults — one-click solution
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Results — one-click solutionIndustrial Applications
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• Youtube: https://www.youtube.com/watch?v=ktrIhk9NFT8

• Author:                                 (Principal Experience Designer at Autodesk)


• Selected Comments:

Results — one-click solutionAutodesk 3ds Max Demo
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https://www.youtube.com/watch?v=ktrIhk9NFT8
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What about Hexahedral 
Meshing with IGMs?
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Quality CriteriaState of the Art – Hexahedral Meshing with IGMs

What we can mesh…

• single object

• single scale

• simple geometry

What we would like to mesh …

• nested objects

• multiple scales

• complex geometry


[© Institute of Mathematics 
and CS in Medicine - 
University of Hamburg]

Recent Progress!



Hexahedral Meshing via IGM
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tetrahedral mesh

boundary aligned frame field
integer-grid map

hexahedral mesh

[Huang et al.  2011]

[Li et al. 2012]


[Jiang et al. 2014]

[Ray et al. 2016]


[Vaxman et al. 2017]

[Nieser et al.  2011]

[Lyon et al.  2016]

[Gao et al. 2017]

[Chemin et al. 2018]

[Palmer et al.  2019]


[Golovaty et al. 2019]

[Beaufort et al. 2019]

problematic step



Fundamental Topological Problem
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hexahedral mesh

singularities

frame field

singularities⊂ invalid singularities


➡  integer-grid map 
degenerates 
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Frame Field 
Meshability



Mesh-Induced Frame Field
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Global Meshability
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singularity graphframe field hexahedral mesh

Frame Field

(globally) meshable

Hexahedral mesh of

identical topology exists



Local Meshability
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Frame Field

locally meshable

At each point of the domain there 

is a meshable neighborhood
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Frame Field 
Meshability 2D



Quad Mesh vs. Frame Field Topology
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Meshability

sometimes

Quad MeshFrame Field

Induced Field

always



Local Meshability Condition
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Quad Sector
Polar Sector

Anti-Quad Sector



Local Meshability Repair
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Quad Sector
Polar Sector

Anti-Quad Sector Quad Sector

Repair



Local vs. Global Meshability
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Limit Cycle



Computer Graphics Group - University of Bern |  David Bommes

Local vs. Global Meshability
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Frame Field 
Meshability 3D



Non-Integrability of 3D Frame Fields
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Svu
Su

Suv

Sv
p



Local Meshability
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Frame Field

locally meshable

At each local neighborhood an 
IGM of identical topology exists

All sectors are hyperbolic



Hex Mesh Singularities
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singular arcs

singular 

nodes



Frame Field Singularities
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Non-meshable arc

Non-meshable nodes

Algorithm

1. Repair non-meshable arcs


2. Repair non-meshable nodes
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Arc Meshability



Meshable Monodromy
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• Non-meshable Monodromy

split

• Repair

− always splittable into two flow-aligned arcs [Jiang et al. 2014]



Flow-Aligned Singular Arcs
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Repair

flow-aligned singular arc 

=


extruded 2D singular node 
repair meshability 


as in 2D
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Node Meshability



Singular Nodes = Interaction of Singular Arcs
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Singular Nodes = Interaction of Singular Arcs
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Non-Meshable Interactions
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non-meshable sector
Zipper Node



Repairing Zipper Nodes
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non-meshable sector



Repairing Zipper Nodes
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Unzipping



Repairing Zipper Nodes - Strategy II
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Zipping



Repairing Zipper Nodes - Strategy III
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Transversal

Unzipping



Repairing General Nodes
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• Decomposition Theorem
Every singular node can locally be 
decomposed into isolated singular 
arcs and zipper nodes.



Repairing General Nodes
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Detaching arcs Detaching zipper nodes Repairing zipper nodes



Achieving Local Meshability
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Algorithm

1. Repair non-meshable arcs


2. Repair non-meshable nodes


3. Repair zipper nodes

local modifications

global modifications



Many Additional Aspects
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• Zipper Node Repair

• Discretization on Tetrahedral Mesh

• Singularity Graph Optimization

• …
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Results



Stress Test
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input locally meshable



Evaluation
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• HEXME - Dataset [Beaufort et al. 2022]

• collection of 189 domains to evaluate and challenge hexmeshers


• categories: simple, nasty, industrial, including multi-material

• goal: facilitate comparison & guide future research



Evaluation
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[Li et al . 2012] 
[Jiang et al. 2014]
Ours
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Local Meshability 
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Global Meshability



Evaluation — Hex Meshes
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Evaluation — Hex Meshes
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Evaluation — Hex Meshes
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Evaluation — Hex Meshes
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Pyramid
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locally 

meshable

input output 

hex mesh





HexMe I29
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HexMe I29
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• Body Level One

− Body Level Two


• Body Level Three

− Body Level Four


• Body Level Five

input locally meshable



Code

• libAlgoHex — http://lib.algohex.eu

• C++, open source

• goal: facilitate research & comparison

• complete IGM based hex meshing pipeline


• locally meshable frame-fields

• IGM parametrization

• mesh extraction


• Part of ERC project AlgoHex

• http://www.algohex.eu

• stay tuned!
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http://lib.algohex.eu
http://www.algohex.eu


Summary & Outlook

• Integer-Grid Maps

• offer good balance between quality criteria

• efficiency through frame fields


• Quadrilateral Meshing   

• robustness / performance / quality / control

• complete toolbox available


• Hexahedral Meshing   

• significantly more challenging, many unsolved aspects 

(e.g. singular topology, robust volumetric maps)

• locally meshable frame fields

• important next step towards robustness: 

➡globally meshable frame fields
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Thank You!


